We find exact solutions for f (T ) teleparallel gravity for the cases of spherically and cylindrically symmetric tetrads. The adopted method is based on the search for Noether symmetries of point-like Lagrangians defined in Jordan and Einstein frames. Constants of motion are used to reduce the dynamical system. We first consider the Lagrangian defined in the Jordan frame for a spherically symmetric tetrad and, by the help of two constants of motion, we eliminate a tetrad potential and integrate the other. The more complicated structure in the Einstein frame is also overcome by the same method. After that we obtain the Jordan frame Lagrangian for a general cylindrically symmetric tetrad. Following the same procedure adopted in the spherically symmetric case, we again obtain the tetrad potentials and then the exact solutions.
Introduction
Although General Relativity is accepted to be the most successful theory of gravity, due, for example, to the recent discovery of gravitational waves confirming the validity of the Einstein approach, it is worth noticing that this success is valid observationally below the solar system scale and theoretically far away from the Planck scale. We can roughly say that General Relativity has some observational shortcomings at infrared (IR) and theoretical shortcomings at ultraviolet (UV) scale. For example, at the UV scale, early universe cosmology with General Relativity necessitates an a e-mail: ali.nurbaki@ogr.istanbul.edu.tr b e-mail: anurbaki@yahoo.com c e-mail: capozziello@na.infn.it d e-mail: cemsinan@msgsu.edu.tr early inflation era in order to determine conditions for today's universe. Other than that, renormalization of gravity at the quantum regime and unification with other forces requires the General Relativity has to be modified. At the IR scale, on the other hand, the theoretical prediction of accelerated expansion of the Universe with General Relativity requires either the help of a source term, the so called "dark energy," or a cosmological constant term. Similarly, the case of galactic rotation dynamics or the dynamics of the galactic clusters analyzed with General Relativity again calls for the help of source terms, namely the "dark matter". Despite the evidence of these dark ingredients at astrophysical and cosmological scales, they continue to escape any finding at fundamental scales.
Many researchers now look for a source for dark components not in the matter sector, but in geometry by taking into account modified theories of gravitation. There have been many attempts to extend Einstein gravity to the UV and the IR scales [1] . However, how the extension is done depends very much on the motivation. For example one can extend General Relativity to five dimensions in order to unify it with Electromagnetism. Another way of extension is to add scalar field(s) to the Lagrangian as it is done in Brans-Dicke theory to obtain a fully Machian theory. Last but not least method of extending General Relativity is adding higher order geometric invariants to the Lagrangian. This was the case when first attempts were performed to renormalize General Relativity. Then, independent of renormalization concerns, mostly for observational motivations, higher-order terms were introduced as general functional forms f (R) in the Lagrangian. This theories are called Extended Theories of Gravity if General Relativity belongs to the group or Modified Theories of Gravity if the Einstein approach is not retained.
All these alternative theories of gravity can be considered beyond the standard General Relativity when conflicts arXiv:2001.02304v1 [gr-qc] 7 Jan 2020 with observations are taken into account. In a naive approach, these conflicts with observations can be palliatively solved by adding dark matter and dark energy terms to the source sector of Einstein's equations. On the other hand, Extended Theories of Gravity deal with dark matter and dark energy as curvature effects and define modifications of the geometric sector of the equations [2] [3] [4] [5] . What is used is not always the functional form of the Ricci curvature scalar R; general functions of different geometric invariants as the torsion scalar T , the Gauss-Bonnet topological invariant G , the Weyl scalars, etc. are also in the class of modified gravity theories.
Here we take into account a theory of gravitation with torsion, the so called "Teleparallel Equivalent of General Relativity (TEGR)", [6] and its extension, the so-called f (T ) gravity. The aim is to obtain exact solutions adopting the Noether Symmetry Approach [7] . In particular, we are interested in obtaining spherically and cylindrically symmetric solutions.
The layout of the paper is the following. The main ingredient of TEGR are summarized in Sec. 2. Sec. 3 is devoted to recast f (T ) gravity in scalar-tensor form in order to deal with conformal transformations. The Noether Symmetry Approach for our scalar-tensor form of f (T ) is discussed in Sec.4. Spherical solutions in Jordan and Einstein frames are derived in Sec. 5. Solutions for a cylindrical symmetric tetrad are derived in Sec. 6. Conclusions are drawn in Sec. 7.
Teleparallel Equivalent General Relativity and its f (T ) extension
After f (R) gravity gained attention in the context of modified gravities, it has been realized that modification of gravity cannot be limited only to functions of Ricci scalar curvature invariant R. In fact, also functional forms of other geometric invariants such as torsion or Gauss-Bonnet invariants can be useful to address the problem of gravity at UV and IR scales [8] [9] [10] [11] [12] . Recently one of these theories, namely the f (T ) gravity, gained much attention amongst the others because it was shown to explain cosmological phenomena such as the early inflation [8] and the late acceleration [13] of the universe (for a review see [14] ). Besides, there is the possibility to explain galactic dark matter phenomena via f (T ) gravity [15, 16] .
Gravitational theories with torsion were developed first by Einstein himself. Being a gauge theory of gravity and giving an equivalent physics to General Relativity, it is called "Teleparallel Equivalent of General Relativity". The dynamical variable of the theory is the tetrad field and the connection is the Weitzenböck connection
which gives zero curvature but non-zero torsion. Torsion tensor is
Torsion scalar can be computed such that
where
and
Gravitational Lagrangian in TEGR is represented by the torsion scalar T and thus the action is
Like in f (R) theory of gravity, action (6) can be straightforwardly generalized to
where e = det e i µ = √ −g, I m is the matter action, and the units can be chosen so that c = 16πG = 1. This Lagrangian gives us the so-called f (T ) theory of gravity. It has first been proposed to explain the early inflation of the Universe, and then it is observed that this theory could explain the late time cosmic acceleration and the dark matter phenomena. For the other physical motivations, the reader can see the book [6] .
f (T ) theory in scalar-tensor form
Like in f (R) gravity, it is possible to recast f (T ) Lagrangian in an equivalent scalar-tensor form [17] . A general form of the action (7) can be written as (8) gives back the action (7) . If we introduce a scalar field ϕ = ϕ(r) satisfying F(ϕ) = f (χ), then (8) can be written in the form of an action for a scalar-tensor theory:
is the scalar potential. This form of the action is called as the Jordan frame since it contains non-minimally coupled terms.
Applying a conformal transformation, one can obtain an equivalent action which equals to Einstein-Hilbert term plus a scalar field, i.e., the action of a scalar-tensor theory in the Einstein frame. In some works [17, 18] , it is investigated whether f (T ) gravity behaves in the same fashion as f (R) gravity under a conformal transformation. Following these works, it is possible to write the conformal transformation for the torsion scalar aŝ
and then
where we used
By using (11) in (9) we obtain a scalar-tensor theory in the Einstein frame as
or alternatively
and dψ dϕ
In Ref. [17] , the Lagrangian in the Einstein frame is different from (15) . If we vary matter free form of this Lagrangian (where I m vanishes) with respect toê i λ , we obtain the following field equationŝ
By a rapid inspection of the field equations, we see that the first three terms come from the torsion scalar T and the last three terms are related with the scalar field. These six terms are the expected terms for a scalar-tensor theory in the Einstein frame. But the remaining three terms, coming from the torsion tensor, prevents us from obtaining true Einstein frame field equations.
Using the first form of the Einstein frame action (14) and by defining a spherically symmetric tetrad as
we obtain the point-like Lagrangian in the Einstein frame given as
).
Where lower index indicates differentiation. Similar to (18) a point-like Lagrangian for the Jordan frame can be obtained from (9) and (17) as
which is canonical but singular. The singularity emerges due to the fact that this Lagrangian does not contain any term with B r .
The Noether Symmetry Approach
Noether symmetries have become a standard tool in mathematical physics. They are useful both for simplification of differential equations and determination of integrable systems. In our context, the Noether Symmetry Approach is often used in modified and extended gravity theories for constraining the functional form of the Lagrangian densities f (R), f (T ), f (R, G ) etc., as well as finding solutions of the field equations from such point-like Lagrangians [7, [19] [20] [21] [22] [23] [24] .
Noether symmetry exists for a Lagrangian L such that Lie derivative along a Noether vector X vanishes for L:
namely
In our case, we define the Noether vector as a general infinitesimal symmetry generator given by
where overdot indicates differentiation with respect to an affine parameter (in this case r) anḋ
A Noether symmetry leads to the existence of a constant of motion given by
We choose to represent α, β , γ, δ functions as components of a vector defined by
which corresponds to the generating vector (22) . If we find a set of components for → N by using XL = 0, then we can find a way to integrate the functions A, B, M, ϕ by constructing constants of motion. In the next section, we are going to apply Noether symmetries to the Lagrangians defined in both Jordan and Einstein frames for a general spherically symmetric tetrad.
Spherical solutions in Jordan and Einstein frame via Noether symmetries

Jordan frame
By using the point-like Lagrangian for the Jordan frame (19) we write down the Noether equation, XL = 0, equating the coefficients ofȦ 2 ,Ḃ 2 ,Ṁ 2 ,φ 2 and the cross terms likeȦḂ, AṀ,Ȧφ,ḂṀ,Ḃφ,Ṁφ etc. along with the term free from derivative with respect to r to zero. Doing so we obtained a set of 11 partial differential equations for F(ϕ), ω(ϕ), and V (ϕ). Not all these equations are independent however. Independent equations are
We can find two linearly independent vectors satisfying these equations, which are
Thus, F(ϕ), ω(ϕ), and V (ϕ) can be solved from equations (29)-(35) for these Noether vectors as
We know that for commuting Noether vectors of a system, we can construct multiple constants of motion for that system (see [25] for details). By using (27) and (36) we obtain two constants of motion, Σ 1 and Σ 2 , given by
Following [19] , we can integrate A r to obtain A. For this, we need to eliminate B from (38) and (39). By using (39) we obtain B as
We can substitute this expression into (38) together with (37) and, after defining M = r, we arrive to the expression
After integrating this equation, we obtain A(r) as
In the case of ϕ = ln(r), this expression turns out to be
By substituting (43) into (40), we finally obtain B(r) as
By obtaining the potentials A(r), B(r) via Noether symmetry method, we thus find the spherically symmetric solution in the Jordan frame.
Einstein Frame
By using the point-like Lagrangian for the Einstein frame (18) in the Noether equation, XL = 0, and equating the coefficients of the quadratic first order derivatives to zero as it is done in the Jordan frame, we obtain the following set of equations:
We can find two linearly independent vectors satisfying equations (45) -(54), which are → N 3 = (0, 0, k, 0),
where K is a constant. Following the same procedure as in the Jordan frame, we find that
with the corresponding constants of motion given respectively by
We can eliminate B using these two constants of motion. To do that, we firstly substitute the results (56) into (57), and then use M = r together with the constraint 2k 2 = 3k 1 K 2 . Now we can integrate and find a solution for A(r) given by
From (58) and (59) it follows immediately that 6 This last expression may be used together with the Euler-Lagrange equation for B(r) to integrate ϕ(r). From the Euler-Lagrange equation for B(r) we obtain
Equating (60) and (61) for U = 0, integrating for ϕ and renaming the constants we finally obtain
6 Solutions for a cylindrically symmetric tetrad
Jordan frame
In this section we are going to make similar calculations in the Jordan frame (19) for a cylindrically symmetric spacetime. For this purpose we choose a static cylindrically symmetric spacetime [26] and write the corresponding diagonal tetrad defined in cylindrical coordinate frame (t, r, φ , z) with general functional form given by
Computing the point-like Lagrangian for the Jordan frame (9) we obtain
Applying the Noether Symmetry Approach as we did for the spherically symmetric tetrad we get the set of equations given by
2AMΩ γ ϕ + AMΩ ϕ γ + MΩ α + AΩ δ = 0,
We can immediately write down the solutions for α, β , γ, δ as 
Considering these sets of values for α, β , γ, δ , we find the functional forms of F(ϕ), ω(ϕ),U(ϕ) as
In order to integrate the tetrad potentials, we need constants of motion for the first two sets of values of α, β , γ, δ . We thus find
By using the relation M = r A [26] , and assuming ϕ(r) = ln(r), we obtain
Einstein frame
For (63) we obtain the Einstein frame Lagrangian (14) as
We then apply the Noether Symmetry Approach as we did for Jordan frame and find the equations given by
2F
Two solutions are immediately found for (85)-(95) as
where k is a constant. Assuming M = r A , we find the corresponding constants of motion as
From these two solutions, we find F(ϕ), ω(ϕ),U(ϕ) as F(ϕ) = k 6 e Kϕ , ω(ϕ) = k 7 e −2Kϕ , U(ϕ) = U 0 .
Using the assumptions we made before, M = r A and ϕ(r) = ln(r), we obtain A(r) as
and after rearranging the constants, we obtain C(r) as C(r) = − c 8 r 3K − c 9 r 2 + c 10 (102)
Conclusions
In this study we used the method proposed in [19] in order to find exact solutions for f (T ) gravity for both spherical and cylindrically symmetric tetrads. The method is based on searching for Noether symmetries of the Lagrangians in the Jordan and the Einstein frames. Similar to [19] , we used constants of motion coming from the Noether symmetries. The main difference was the use of multiple constants of motion in order to eliminate some of the equations to obtain the full integration. We first used Jordan frame Lagrangian for a spherically symmetric tetrad and, by two constants of motion, we eliminated B(r) and integrated A(r). After that, by using the assumption ϕ(r) = ln(r), we calculated B(r). When we switched to the Einstein frame, we faced a more complicated structure. Nevertheless, besides A(r) and B(r), the Einstein frame gave us the opportunity to integrate ϕ(r). Lastly, we obtained the Jordan and Einstein frame Lagrangians for a general cylindrically symmetric tetrad. Following the same procedure as we did for spherically symmetric case, we calculated the tetrad potentials A(r) and C(r) with the help of two constants of motion with three generating vectors in the Jordan frame and two constants of motion with two generating vectors in the Einstein frame.
As final remark, it is worth stressing that the possibility to achieve solutions in both frames by the existence of Noether symmetries can help in interpreting the physical meaning of the Jordan and the Einstein frame. For a discussion of this topic, see [27] .
